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Pressure-Based Control-Volume Finite Element Method
for Flow at All Speeds

S. M. H. Karimian* and G. E. Schneider!
University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

This paper presents a collocated pressure-based method for the solution of viscous/inviscid fluid flow prob-
lems incorporating compressible and incompressible regimes. The solution demain is discretized using a control-
volume-based finite element method. The fully implicit method does not experience any stability difficulties due
to compressibility effects at low Mach numbers. The pressure/velocity decoupling problem is fully resolved herein
for flow regimes from incompressible through compressible flow. Transonic and supersonic flows are covered by
including the pressure/density coupling, which arises in high-speed flows, in the continuity equation. This is done
in such a manner that the continuity equation remains a constraint equation for pressure in all flow regimes. Test
problems with wide variations in geometry and fluid physics have been successfully solved, demonstrating the
generality and computational capability of the method. The scheme is both efficient and robust. The accuracy of
the method has been checked by comparing the results with other numerical results available in the literature and

with the exact solution.

Nomenclature
= specific heats
= convection flux vectors
= total energy per unit mass
diffusion flux vectors
total enthalpy per unit mass
= distance between up and dn
= Mach number
shape function
= nodal pressure
pressure
conserved quantity vector
velocity magnitude
= gas constant
= source
= local streamwise direction
local coordinates
= nodal temperature
= temperature
time
nodal velocity components
= velocity components
streamwise interpolated velocity components
= convecting velocity components
velocity vector
global coordinates
general diffusion coefficient
distance between up and ip
streamwise correction term for ¢
streamwise correction term for p
density
= arbitrary scalar
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Subscripts

dn = downstream
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in = inlet

ip = integration point

up = upstream

Superscripts

l = approximated using bilinear interpolation
T = transpose

= lagged value from the previous iteration

Introduction

ODAY, a variety of computational methods for the solution of

flow at all speeds can be found in the literature. These methods
fall into two categories: 1) methods for compressible flow, extended
to cover incompressible flow, and 2) methods for incompressible
flow, extended to cover compressible flow. These methods work
more efficiently in their original flow regime.

In the first category are time-marching methods that choose den-
sity, rather than pressure, as a primary variable. In low-Mach-
number flow the time-dependent equations become “stiff.” This
results in both inefficiency and inaccuracy. To avoid these diffi-
culties, different variants of preconditioning have been proposed.
Turkle! suggested a preconditioning method by introducing an ar-
tificial time derivative of pressure in the continuity and momentum
equations; see also Ref. 2. In the preconditioning procedure of Choi
and Merkle? for inviscid flow, only the energy equation was modified
by adding the time derivatives of p, pu, and pv. Choi and Merkle*
improved their preconditioning method to include viscous flow cal-
culations, using a set of primitive variable unknowns (P, u, v, T).
Primitive variable unknowns also have been employed, in time-
marching methods, by other investigators.® In the method of Pletcher
and Chen,® a preconditioning procedure is applied to unsteady prob-
lems. The hyperbolic system of equations is iterated in pseudotime
until the steady solution is reached at each physical time step.

In the finite element context, several methods have been presented
for compressible flow calculations; see Refs. 7 and 8. Extensions of
the streamline-upwinding/Petrov—Galerkin finite element method
for compressible Euler and Navier—Stokes equations can also be
found in the literature.”!® For the calculation of both compressible
and incompressible flows, a semi-implicit finite element algorithm
was proposed by Zienkiewicz et al.,'!! with extension to a general
explicit/semi-explicit method by Zienkiewicz and Wu.'?

The second category includes pressure-based methods that treat
the continuity equation as a constraint equation for pressure rather
than a time evolution equation for density. Using a staggered
grid arrangement some of these methods, well established for
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incompressible viscous flow,'** have been extended to compress-

ible flow.’>~!7 Other methods in this category use a collocated grid.
In these methods all of the variables are located at the nodal points.
Different approaches!®~2! have been employed to resolve the pres-
sure checkerboard problem. The objective of these methods is to
bring the coupling between velocity and pressure into the continu-
ity equation. Extensions of these methods for solving compressible
flow can be found in the literature.?"??

In the collocated-variable method of Karimian and Schneider?®
for one-dimensional flow, a new formulation was introduced to re-
move the pressure checkerboard problem. The successful perfor-
mance of this formulation in two-dimensional incompressible flow?!
led to the present study to develop a method for calculation of two-
dimensional viscous/inviscid flow problems encompassing incom-
pressible to supersonic regimes. The pressure/density coupling in
high-speed flow is incorporated in the continuity equation, consis-
tent with the pressure/velocity coupling in incompressible flow. The
basic elements of the flow calculation are discussed, and numerical
results are presented to demonstrate the method.

Domain Discretization and the Assembly Procedure

The solution domain is divided into quadrilateral elements. All
of the problem unknowns including velocity components, pressure,
and temperature are located at each node. The local coordinates
(5, 1) and local node numbers for a single element are shown in
Fig. 1. Having defined x; and y; to be the global coordinates at local
node £, the coordinate variation within the element is described by

4
x(5,7) = ZN,-(@,?)X,- (n

i=1

4
yE, 5 =) NG Dy @

i=1
where the bilinear shape functions N; (§, f ) are given by

NG, 1) =11+ 55U + 1) i=1,4 3)
in which §; and # are defined in Fig. 1. The lines § = O and f = 0
divide each element into four quadrants, called subcontrol volumes
(SCV), each associated with a node as shown in Fig. 2a. The SCVs
surrounding a node define a control volume for the given node, as
shown in Fig. 2b. For each element, a matrix equation, called the
elemental matrix equation, is constructed. This elemental matrix
equation is determined by applying mass, momentum, and energy
conservation equations to each SCV within the element and will
include a set of 16 equations for 16 unknowns for each element.
Through the element assembly procedure, the SCV equations asso-
ciated with a node are assembled to form the control-volume conser-
vation equations of mass, momentum, and energy for the respective
node."

$=+1 (=41

2 f=+1 1
§=-1 1
$=1 f,':- 1 -
§=+1 fe-1 E

Fig. 1 Single element with local coordinates and local node numbers.

Contro! volume  Integration point

a) ; b 4 b) Subcontrol volume  Element edge

Fig.2 a) Definition of subcontrol volume and subsurfaces and b) defi-
nition of control volume.

Discretization of the Governing Equations

The Navier—Stokes equations for two-dimensional laminar flow
are given by

00 IE 9F _ 3G oA @
ot dx dy dx dy

where O = (p, pu, pv, pe)T, e=Cyt + (1/2)(u? + v?), G and H
include components of stress tensor and heat flux vector, and the
convection flux vectors are

ou oV
B= (pwu + p e (pv)u (5)
(pu)v (pv)v+p
(pu)h (pv)h
in which A = Cpt + (1/2)(u* + v*). Equation (4) is integrated

over each of the SCVs within the element to form the SCV balance
equations that together make the elemental matrix equation.

Using a lumped approach, the volume integral of 80 /0t Is ap-
proximated by its value at the associated SCV node, i.e., d Q / at,
multiplied by the SCV area. The time derivative, then, is modeled
using a backward difference in time. To represent Q; its first term,
i.e., density, is substituted from the equation of state and is lin-
earized with respect to P and T'; other terms of Qi are linearized
with respect to density. The total energy e is linearized with respect
to velocity components U and V. Using the divergence theorem,
volume integrals of the space derivatives become surface integrals
that are evaluated over the SCV surface. As seen in Fig. 2, only intra-
element surfaces of SCVs surrounding a node become a part of the
control-volume surface for the respective node. Therefore, within
an element, integrals are only evaluated over the intra-element sur-
faces, called subsurfaces (SS), as shown in Fig. 2a. Furthermore, the
integral argument, i.e., E F,G, or H,is approximated by its av-
erage value over the subsurface, evaluated at the midpoint location
called an integration point.

The final step is to evaluate the diffusion and convection flux
vectors at the integration points. For diffusion flux vectors Gand H,
bilinear interpolation [Egs. (1) and (2)] is used to directly evaluate
the stress tensor and heat flux vector components. For convection
flux vectors, the momentum and energy fluxes are linearized with
respect to mass fluxes (pu) and (pv). Pressure is related to its nodal
values using bilinear interpolation. The velocity components in &
are also related to the nodal values using bilinear interpolation. It
remains to describe the integration point values of pu and pv in
the continuity equation and the convected quantities u, v, and ¢
(within 4) in the momentum and energy conservation equations
in terms of nodal variables U, V, P, and T. This is discussed next.

Pressure-Based Method for Compressible Flow

As mentioned earlier, the continuity equation is treated as a con-
straint equation for pressure. In compressible flow, where density in
addition to velocity is influenced by pressure, the continuity equation
constrains pressure from two sources: the pressure/velocity coupling
that is crucial in the incompressible regime to resolve the checker-
board problem!? and the pressure/density coupling that is important
inhigh-speed flow. A suitable linearization of mass fluxes in the con-
tinuity equation, therefore, is one that correctly handles this dual role
of pressure in compressible flow. This is achieved by a linearization
with respect to density and velocity'?; therefore

pu = pu + pit — pu (6)
PV = pv+ pv — pu (7

This linearization captures changes of both quantities in each it-
eration. In the incompressible regime, where p =~ p, the second
and third terms in Egs. (6) and (7) cancel. In this case, the effect
of pressure gradient, that appears through the integration-point ve-
locities in the first terms, is constrained by the continuity equation.
As the compressibility of the flow becomes effective and p ~ p is
no longer valid, the influence of pressure on the integration-point
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density, via the equation of state, is represented through the second
terms. Therefore the continuity equation constrains pressure from
both sources.

Having introduced the linearization of mass fluxes, we need to
relate integration-point density and velocities to nodal variables in a
manner that reflects the coupling associated with them. To deal with
the transport nature of density in compressible flow the following
profile is used to represent the integration-point density:

Pip = Pup + (BP)ip (8)

in which substitution of p,, from the equation of state, i.e.,

(P o
Pop = RT., )]

results in a larger influence of the upstream pressure in highly com-
pressible regions. There are two ways to evaluate (Ap);,; one is more
appropriate for very low Mach number flow, whereas the other is
suitable for high-speed flow. For low-Mach-number flow where the
bilinear interpolation can be used to evaluate density at the integra-
tion point, we have

4
Bpyp =Y _ NG, Dliphi — fip (10)

i=1

For high-speed flow if (Ap);, is given by

— ap
A= (<L) as an
os /.
ip
then the value of dp/ds can be found from the differential form of
the continuity equation, which can be viewed as a transport equation
for density in high-speed flow. With the convection term written in
the streamwise direction, the continuity equation is rearranged to
obtain dp/ds as

d 1/(0
P (v (12)
ds A

Using lagged values from the previous iteration, the right-hand side
of Eq. (12) is approximated algebraically, at the integration point,
and is substituted into Eq. (11). The location of the upstream point
and the value of AS will be introduced in the next section.

Equation (11) is used to calculate (Ap);,, except for the fully sub-
sonic flows where Eq. (10) is used. However, the dramatic change in
(Ap)i, across discontinuities, such as shock waves, causes serious
instabilities in the solution. To smooth the value of (A_p)ip, when den-
sity oscillations occur, an absolute harmonic interpolation® (AHI)
is implemented to calculate (Ap);, from its element-nodal values,
i.e., from (Ap); where j = 1, 4. The implemented AHI is a two-
dimensional version of its one-dimensional form, given in Ref. 25.
The integration-point velocities # and v in the mass fluxes pu and
pv, called the mass conserving or convecting velocities, will be
described shortly.

Convected Quantities

Ditferent approaches have been taken to evaluate the convected
quantity ¢ at the integration points; ¢ can represent convected quan-
tities u, v, and ¢. These include the robust but first-order-accurate
upwind differencing scheme (UDS), and the second-order accurate
central differencing scheme (CDS).!?

The equation that contains the physics of the problem associated
with the convected quantity is given by

—TV% =35, (13)

in which the convection term is represented in the streamwise di-
rection and g = ~/u? + v2. In this study the method of Ref. 19 is
adopted to determine the convected quantity ¢ at the integration
points. Rather than assuming a profile for ¢ explicitly, the method

2 1 2 1
. i - dn
A ,(Ip AS—__tL’/
-7 -—=—"TL
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o2 1 Lo
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Fig.3 Skewed upwinding.

derives such a profile implicitly, by algebraically approximating all
of the terms in Eq. (13), at the integration point. The value of ¢;,,
then, is obtained through rearrangement of the resulting algebraic
equation. In this approach, all terms in Eq. (13) will have an implicit
influence on the value of ¢;,. Since the convection term is upwinded
in the streamwise direction, ¢;, becomes equal to its upstream value
¢y in a highly convecting flow. The upstream location is obtained
by intersecting the upstream flow direction with the first quadrant
edge, as shown in Fig. 3a. Depending on the upstream location, the
value of ¢y, then, is interpolated between two integration-point val-
ues, between an integration-point and two nodal values, or between
two nodal values. The latter case is shown in Fig. 3b. More details
about implementation can be found in Ref. 19. For more informa-
tion regarding different treatments of the convected quantities refer
to Ref. 26.

Convecting Velocities

As mentioned earlier, the integration-point velocities in the mass
fluxes pu and pv are called convecting velocities and hereafter will
be denoted by a hat, i.e., & and 0. These are the velocities that
import and export the convected quantities u, v, and ¢ through the
control-volume surface. The convected quantity at the integration
point, described in the previous section, is related to the element-
nodal variables in a manner that refiects the transport nature of that
quantity. The primary aim in finding a formulation for the convect-
ing velocity, however, is to include the coupling between pressure
and velocity such that the substitution of this formulation into the
mass conservation equation leads to a set of equations that results
in oscillation-free pressure and velocity fields. To achieve this, the
momentum equation that includes the influence of pressure on ve-
locity is used first to obtain a formulation for the convecting velocity.
This stage is performed quite similar to the procedure described in
the previous section for obtaining a convected guantity (velocity
here). For simplicity, consider the #-momentum equation for steady

incompressible Euler flow, given by
du  dp
s ax

(14)

and the regular element shown in Fig. 3b. To obtain a formulation for
the convecting velocity #;,, Eq. (14) is approximated algebraically

atip, as
u u Ip ’
ip = Hup ¢
o —/——2 pL =0 15
pqp( AS )+ <8x)ip ( )

where u,, in the convection term, upwinded in the flow direction, is
interpolated between U, and Us. After rearrangement we get

!
ﬁip = Uyp — 'ﬁ aﬁ (16)
Paip \3x J

and by a similar procedure

!
ﬁi = Uyp — —A;g- a—p- (1 7)
p P P(Iip ({)v ip

Up to this stage we have precisely followed the procedure ap-
plied for obtaining convected velocities. Therefore, Eqgs. (16) and
(17) describe components of convected velocities as well as com-
ponents of convecting velocities, for now. Equations (16) and (17),
which express how the pressure variation within the element affects
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integration-point velocities, are obtained using only the momentum
equations. The continuity equation is not used, and therefore no
information about the continuity constraint within the element is
directly included in these equations. With such convecting and con-
vected velocities the resulting velocity field reflects a one-way func-
tion of the pressure field; i.e., there would be no feedback from the
continuity constraint felt by the integration-point velocities.

Using Eqs. (16) and (17) to define both the convecting and
convected velocities, solutions of simple one-dimensional?” and
two-dimensional?! Euler flows have demonstrated that unique
checkerboard pressure and velocity fields can be formed in which
momentum equation errors defined as

: du (2P ] (18)
£y, = — —
e re as ox
ip
!
' v (2 (19)
&y = — —
PG By
ip
are equal to zero but, surprisingly, a continuity equation error defined
as
i
3 Ou + fv 20)
Ep = —+ —
P Ty ),

would not be zero. This characteristic of the solution, although for
simple cases, leads us to conclude that such a checkerboard solution
most probably is the outcome of obtaining #;, and 0y, without any
reference to the continuity equation. This drawback can be modified
by including the effect of the continuity equation error in Egs. (16)
and (17). Considering i;,, an implementation of such an approach
would be first to scale &;, by « and subtract it from the left-hand side

of Eq. (14), i.c.,
du | op 6 =0 21)
PaSs Tax ) TR T (

and second to implement the same procedure as applied to obtain
Eg. (16) to Eq. (21) to get the new i, as

1
ﬁi = Uy, — ‘—AS a—p _ MEl (22)
P pap | \dx ) ’

where &;, is defined by Eq. (20). Our experience shows that it is very
effective if ug;, is rearranged in the flow direction as

. Ju u v ! 23)
Uty = pqin| — —plv——u—
p Pqip as . 14 3y u Ay .

with (du/ds);, modeled as

D_M . Ugn — Uyp (24)
as i N L

After substitution of u#;, from Eq. (23) into Eq. (22) and rearrange-
ment, f;, is obtained as

.. AS{ u aw  ap\
Uip = Ujp — — PV —pu— + — (25)
Pqip ay dy  dx i
where
~ AS AS
Ujp = '—L_udn +i{1- T Uyp (26)

and ug, and u,, are interpolated between the two nodal velocities
U,, Uy and U,, Us, respectively. Combining Egs. (18), (23), and
(25), i;p can also be represented as

AS
fip = iy — —— (Ex, — uEp) @7
Pdip

which exhibits how the continuity equation error and the corre-
sponding momentum equation error appear in the convecting veloc-
ity. The same procedure can be applied to obtain an equation similar
to Eq. (25) for 1y, as

/
Uip = Ujp — —A—_Si(pua—v —-pvf)—b—t—i—gl) (28)
P4ip dx ax  dy i
where a definition similar to Eq. (26) is introduced for vy,. The
unique checkerboard pressure and velocity fields, mentioned earlier,

are eliminated with the present formulation; see Refs. 27 and 21.

To have the preceding procedure valid for all flow speed calcu-
lations, the method should be modified to include compressibility
effects. Other than that py, is no longer constant, the main adjustment
is the inclusion of density derivatives in &,, in addition to velocity
derivatives; &;, then becomes

i
. ou  dv ap dp  dp
ip=Pp| 7=t 77} tlus- Poslaliews 29
i p“(ax+ay) (uf)x+vf)y+()t . 29

ip

in which the second bracket is approximated using a backward dif-
ference for the transient term and bilinear interpolation for the space
derivatives. In transonic flow special treatment of density space
derivatives reduces under/overshoots in the vicinity of shock waves.
In such cases space derivatives are rearranged to form a convection
term for density, and upwinding in the flow direction is applied to
approximate this term; see Ref. 24. Finally, in a viscous transient
flow, diffusion and transient terms are included in Eq. (14) and/or
the first bracket of Eq. (21). In terms of computational effort, cal-
culation of the proposed convecting velocity is economical since it
has only u&;, (or vé;,) extra to the convected velocity formulation.
The approximation made to the convected quantities is identical
to that in the FIELDS'" method. The convecting velocity, however,
contains additional terms presented earlier. The order of error, due
to algebraic approximations applied to these terms, is not lower than
that produced by approximations made to other terms in the main
equation, e.g., Eq. (21). As a result, the second-order accuracy of
the FIELDS method, demonstrated by the grid convergence study in
Ref. 28, applies to the present method. For more details see Ref. 24.

Numerical Results

The results presented in this section will demonstrate the validity
of the present method for solving viscous/inviscid fluid flow prob-
lems ranging from very low Mach number to supersonic. The test
cases include driven cavity flow, subsonic, transonic, and supersonic
flows in a duct with a bump, and supersonic flow in a duct with a
21.57-deg ramp. In the cases the accuracy of the results is assessed
by comparing the results with other numerical results available in
the literature and an exact solution for the last case. The steady-
state solution is obtained by marching in time with large time steps
(relative to the time scale of the problem). In each time step the
linearized system of equations is solved once, using a direct sparse
solver. Marching in time was performed to reduce ¢, the normalized
L, norm of the error, below 1.0 x 1073, All test problems have been
computed on a SPARCstation 2. Continued marching resulted in
monotonic reduction in the L, norm to less than 10719,

Boundary Conditions
In this section the boundary conditions are briefly outlined.

Wall Boundary

For viscous flows, a no-slip boundary condition is applied along
the solid wall by setting velocity components equal to zero. For in-
viscid flows, where the tangency condition is applied along the wall,
the tangential momentum equation is conserved, and the component
of velocity normal to the wall is set equal to zero. In both viscous
and inviscid flows the mass conservation equation is closed using
zero mass flux at the wall. For nonisothermal flow, the energy equa-
tion is closed using known conduction and zero convection energy
fluxes at the solid wall.
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U—VELOCITY AT G.C.

Fig. 4 The u-velocity component along the vertical centerline of the
driven cavity for Re = 1 x 10% and 3.2 x 103,

Inlet Boundary

For subsonic flows, velocity components and temperature are
specified, and the mass conservation equation is closed by represent-
ing the inlet mass flux in terms of nodal variables. For supersonic
flows, all variables are specified.

Outlet Boundary

For subsonic flows, the static pressure and flow direction are spec-
ified, temperature is extrapolated in the flow direction from the in-
terior points, and the mass conservation equation is treated as was
handled for subsonic flows at the inlet. For supersonic flows, all vari-
ables are extrapolated in the flow direction from the interior points,
identified as B.C.I. The other option, identified as B.C.IL, is to close
the mass and momentum conservation equations by representing
outlet convection fluxes in terms of nodal variables.

Driven Cavity Flow

The present method was applied to solve the two-dimensional
laminar flow in a square cavity of 1.0 x 1.0 for two Reynolds
numbers of 1 x 10° and 3.2 x 10% under isothermal conditions;
T = 300 K. This problem has served as a standard test case for
incompressible viscous calculation, despite the singularities at two
of its corners. All of the walls are fixed except the top wall, which
moves with a constant velocity of 1.0. This results in the isothermal
Mach number, #/+/RT, being below 3.41 x 10~% in the solution
domain. Calculations are carried out on a grid with 51 x 51 equally
spaced nodes and a regular structure.

The u-velocity component along the vertical centerline and the
v-velocity component along the horizontal centerline for these two
Reynolds numbers are shown in Figs. 4 and 5. The present results
(solid line) are compared with those of Refs. 5 and 29. Excellent
agreement is seen with Ref. 29, especially for Re = 3.2 x 10° where
the 51 x 51 grid is relatively coarse. Starting from zero velocity
initial conditions, 11 and 15 large time steps (Ar = 10! s) were
taken to meet the target €, for cases Re = 1 x 10° and 3.2 x
10°, respectively. The CPU time per iteration was about 382 s. In
comparison to the results of Ref. 21, for a true incompressible code,
the same number of iterations was required for both Re = 1 x 10°
and 3.2 x 10°. Given that the same time steps and a direct solver are
used in both studies, the preceding comparison demonstrates that the
compressibility effect does not impose any time step limitation on
the solution procedure at very low Mach numbers. The streamline
patterns for Re = 1 x 10% and 3.2 x 103 are shown in Fig. 6.

Flow in a Channel with a Bump

Inviscid flow in a channel with a bump on the middle of its lower
wall is solved for the flow regimes of subsonic, transonic, and super-
sonic. This problem is well suited for code development and testing.
The problem symmetry and geometric simplicity help the interpre-
tation of the results. The length of the channel is three times the
chord length of the bump. The upper and the lower walls are located
achord length from each other. The thickness of the bump is equal to
10% of its chord for the subsonic and transonic flows and is equal to
4% of its chord for the supersonic flow. A 65 x 17 nonuniform grid,
used for subsonic and transonic calculations, is shown in Fig. 7a.

- RE=3200
J.60~ & 129x129 NODES. REF. 29
+ 71x71 NODES. REF. §

. oy
O 0.36 4R RE=1000
& lf % o 129x129 NODES REF. 29
e 53 39x39 NODES. REF. 5
<012y
> i
=
O .
9 ~0.12F
]
7
4 —0.388
080 i | ! l |
0.0 0.2 0.4 0.6 0.8 1.0

Fig.5 The v-velocity component along the horizontal centerline of the
driven cavity for Re = 1 x 10° and 3.2 x 103.

Fig. 6 Streamline pattern of the driven cavity flow on a 51 X 51 grid:
a)Re =1 x 10° and b) Re = 3.2 x 10%.

a) il

o 99x33 Nodes, Ref. [30]
— 65x17 Nodes, Present

.75

HMACH

b)

c)

Fig. 7 Subsonic solution for flow in channel with M;, = 0.5: a) grid
structure, b) Mach number distributions, and c) isobar plot.

The grid points are stretched in the bump region and near the lower
wall. For the supersonic calculation, a 60 x 20 nonuniform grid is
used. The grid points are stretched in and after the bump region and
near the lower and the upper walls. For all three speeds, the energy
conservation equation is closed using zero energy fluxes at the solid
walls. Note that, in representing resulits from other sources, the num-
ber of symbols does not indicate the number of nodes, necessarily.
In all three cases, initial conditions of temperature and pressure are
T =Ty, =300Kand P = P, = 8.61 x 10* N/m?, respectively.
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o 99%33 Nodes, Ref. [30]
+ 65x17 Nodes, Ref. [31]
5. — 65%x17 Nodes, Present

f1ACH

.00

Y .75 1.50 2.25 3,00
a) X

b)

Fig.8 Transonic solution for flow in channel with M;,, = 0.675: a) Mach
number distributions and b) isobar plot.

Results of Subsonic Flow

With the inlet Mach number of 0.5 the inviscid flow in the channel
is subsonic and is symmetric about the middle of the bump. The
Mach number distributions along the lower and the upper walls
are compared with Ref. 30 in Fig. 7b. The agreement is excellent,
although a lower Mach number is predicted at the bump edges.
A little asymmetry is seen on the lower wall, which is due to the
numerical implementation of the tangency boundary condition. The
isobar plot for this case is presented in Fig. 7c. Initial conditions of
velocity were u = v = 0, and eight time steps of Ar = 1.0 s were
taken to meet the target €. The CPU time per iteration was about 48 s.

Results of Transonic Flow

In this case the inlet Mach number is 0.675, which creates a
transonic flow in the channel. The Mach number distributions along
the lower and the upper walls are presented in Fig. 8a. We have
compared the present results with the results of Refs. 30 and 31. The
overall agreement is very good. The shock wave is captured within
four nodes, and its strength is about the same as that of Ref, 30.
However, the location of the shock is predicted a bit downstream.
This can be improved by grid refinement in this region. The sonic line
impinging on the aft bump is at a distance of 75% chord length from
the leading edge. This distance is predicted to be 72 and 73% chord
length by Refs. 31 and 32, respectively. Ni*! predicted a stronger
shock wave as is shown in Fig. 8a; also see Refs. 32 and 33. The
isobar plot is presented in Fig. 8b. The initial conditions of velocity
are similar to those in subsonic flow. Twenty five time steps of
At = 1.0 s were taken to meet the target €. The CPU time per
iteration was about 49 s.

Results of Supersonic Flow

Figure 9 presents results of the supersonic flow in a 4% thick
arc bump channel with the inlet Mach number of 1.65. The oblique
shock wave leaving the trailing edge intersects with the reflection of
the oblique shock wave leaving the leading edge. After intersection
both shocks leave the solution domain. This test problem contains
a complex supersonic flow and is used to check the robustness of
code. The isobar plot, shown in Figs. 9¢ and 9d, demonstrates the
complexity of the flow. The Mach number distributions along the
lower and upper walls are compared with the results of Ref. 30 in
Fig. 9b. The agreement is exceptionally good at both the lower and
the upper walls. At the upper wall a stronger reflection is predicted
by the present method.

Figures 9c¢ and 9d are the isobar plots with two different outlet
boundary conditions B.C.I and B.C.II. With the B.C.I where the vari-
ables are extrapolated at the outlet, both oblique shock waves leaving
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Fig.9 Supersonic solution for flow in channel with M;, = 1.65: a) grid
structure, b) Mach number distributions, ¢) isobar plot with B.C.I, and
d) isobar plot with B.C.I1.

the domain lose their correct angle at the outlet. This situation is im-
proved by implementing B.C.II, which closes the flow equations at
the outlet. The lower shock wave is turned completely to its correct
angle. Since the grid is very coarse in the middle of the outlet, the
upper shock wave is not improved much. To speed up convergence,
10 time steps of Af = 2x 10™* sand 18 time steps of At = 2x 1072
s have been taken from the initial conditions of # = 500.0 m/s and
v = 0.0 m/s. The CPU time per iteration was about 64 s.

Supersonic Flow in a Duct with a Ramp

This case is chosen to demonstrate the ability of the method for
the solution of supersonic flow encountering an oblique shock wave.
Since the exact solution is available, comparison can be made to
present the accuracy of the method. Supersonic flow with a Mach
number of2.5 enters a duct whose length and widthare 1.3and 1.2 m,
respectively, in the x and y directions. The lower wall has a 21.57-
deg ramp. The distance between the inlet and the leading edge of
the ramp is 0.3 m. The ramp creates a 45-deg oblique shock with the
strength of M,/M, = 0.628, P,/P) = 3.497, and T»/ T = 1.508.

A 45 x 30 uniform grid, Fig. 10a, is used for the computation. We
have compared the Mach number distribution along the y = 0.75 m
line with the exact solution in Fig. 10b. The strength of the oblique
shock, captured within six nodes, is predicted very accurately. Since
the shock wave intersects the y = 0.75 line obliquely, the result is
smeared over more nodes. Figure 10c presents the Mach number
along a line normal to the oblique shock, i.e., with —45 deg. As
is seen, the shock is smeared over 3—4 nodes. Starting from ini-
tial conditions of # = 500.0 m/s and v = 0.0 /s, the following
procedure was used to speed up the convergence: 10 time steps of
At = 107* 5, 10 time steps of At = 10~% s, and 9 time steps of
At = 1072 5. The CPU time per iteration was about 126 s. Based
on the speed of sound at the outlet and the smallest element size,
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the Courant-Friedrichs-Lewy (CFL) numbers for these three stages
are 1.59, 15.9, and 159.

As a transient test, we also solved the unsteady flow over a circu-
lar cylinder at a Reynolds number of 2 x 10? (based on diameter)
under isothermal conditions. The computation was performed on
an O-type 60 x 81 grid, with its outer boundary located 20 diame-
ters from the cylinder center. Details are discussed in Ref. 24. The
Strouhal number based on the streamline patterns was calculated to
be 0.18. This result is close to 0.19, reported by Roshko™ from his
experiments. Considering that the Strouhal number was calculated
based on the similarity of the streamline patterns during cycles and
was calculated after the first periodic cycle on the coarse grid used,
its value is very well predicted.

With respect to memory allocation, it is noted that no measures
were implemented to optimize or minimize these requirements.
However, for the sample case of driven cavity problem, which re-
quires 2601 nodes and 10,000 integration points, 10 real words
were stored per node, not including the usual element bookkeeping
storage. In addition, 10 real words were stored per integration points,
although this is not absolutely necessary and is a consideration in
balance between CPU time and storage. It is noted that the preceding
figures do not include requirements for the solver and its associated
matrix structure.

Conclusions

The objective of this study was to develop a method for solving
flow at all speeds. This objective has been achieved via inclusion
of correct pressure/velocity and pressure/density couplings in the

scheme. As a result, the present method is capable of preventing
oscillations in pressure and velocity in incompressible flow, known
as the pressure checkerboard problem, and simulating transonic and
highly supersonic flows accurately. The method is implicit, there
being no time step limitation due to compressibility at low Mach
numbers.

A variety of different test problems has been examined to check
the accuracy, capability, and robustness of the method. Test prob-
lems cover the range from fully incompressible to Mach 2.5. Results
have been compared with other results available in the literature and
an exact solution. In all cases the predicted results agreed very well.
In transonic and supersonic flows shock waves have been captured
quite sharply. The effect of two different boundary conditions at
the supersonic outlet was also examined. The method was devel-
oped in two dimensions; however, it can be easily extended to three
dimensions.
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